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In the two previous lectures, we have seen how to transform an analog signal into a digital one with sampling and how to
transform a digital signal into an analog one with interpolation. We use these transforms to introduce the digital Fourier

transforms: the Discrete-Time Fourier Transform (DTFT) corresponding to the Fourier transform, and the Discrete Fourier
Transform (DFT) corresponding to the Fourier series.

1 Discrete-time Fourier transform

1.1 Definition
+oo
Let x be a digital signal and xs(t) = Z x[n]é(t — nT;) the corresponding sampled signal. By linearity of the Fourier
n=—o00

transform and by definition of the Fourier transform of a shifted Dirac delta function, the spectrum X, of signal x; is written:

+oo
YVweR  Xs(w)= Z x[n]e=nTs

n=—oo

This spectrum depends on the sampling period T which does not appears in the equations with digital signals. Introducing

w
the normalized frequency v = w T, = 7 we can define the discrete-time Fourier transform.
S

Definition 1.1 (Discrete-time Fourier transform)
The discrete-time Fourier transform (DTFT) is an application from F(Z, C) to F(RR, C) which maps a digital signal x
to the analog function X = F(x) defined by:

too +o00
WweER  X(eM)= 37 AaleT™ = 37 ()
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We notice on this figure and we can prove from the definition that the DTFT of a digital signal is periodic with period 27. In
addition, its modulus is obtained by dividing the modulus of the spectrum of the original analog signal by Ts.

1.2 Inverse DTFT

Now we construct the inverse discrete-time Fourier transform (IDTFT), i.e. we express the samples of the digital signal x
from its DTFT X(e’”). Consider a digital signal x obtained by sampling an analog signal also denoted x with spectrum X,

associated with the sampled signal xs with spectrum X;. Using the definition of the analog inverse Fourier transform, we
have:

+o0 oo

. 1 ,
X(w)e“'dw  thatimplies VneZ x[n]=x(nTs)= — X(w)e™ s dw

Vte R x(t)
27

21 — 00 —0o0

As shown on the previous figures, if we want to recover X(w) from DTFT X(e”), we have to apply an ideal lowpass
filter with cutoff frequency we, = Ys followed by an amplifier of factor T, i.e. the system with frequency response
H(w) = TSR[fﬁ ﬂ](w). Thus we have for any w € R,

202

X(@) = X(@)H() = TX(@)R_ o o1)(®)

Applying the change of variable v = w T, we get:

T 2 . 1 T ) .
X[n] = 2; / " XS(W)elwnTsdw = g X(e/l/)ell/ndV

= -
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Definition 1.2 (Inverse discrete-time Fourier transform)
Consider a digital signal x whose DTFT is X(e'”). Then

1 [ o
VneZ x[n]= 5 X(e")e"dv
7T

—T

1.3 Properties
Proposition 1.1
Discrete-time Fourier transform satisfies the following properties:
(i) linearity: for any two signals x and y and two scalars « and 3, F(ax + By) = aF(x) + BF(y);

(i) symmetry: for any signal x, if we denote X : n — x[—n], then F(X) = F(x) = F(x*)*;

(i) decimation: for any K € N* and any digital signal x, if we define the decimated signal xx : n — x[Kn] and X its
DTFT, then

SR v — k2m
YveR  Xk(e")= e Z X <exp (iK>)
k=0

(iv) convolution: for any two signals x and y, F(x x y) = F(x)F(y);
(v) time-shift: for any k € Z and any digital signal x, F(7«(x)) (e™) = e=**F(x) (e™);

(vi) time differentiation: for any digital signal x, the DTFT of the digital derivative x’ : n — x[n] — x[n — 1] is
F(x') (e™) = (1 — e ™)F(x) (e");

(vii) frequency differentiation: for any signal x, if we set y : n+— —inx[n], then F(y) = (F(x))’;
(viii) multiplication: for any two digital signals x and y, F(xy) = F(x) @ F(y);

(ix) multiplication by a complex exponential: for any a € R, F(ex) = 7,(F(x)).

PROOF : (i) The linearity of the TDFT is deduced from the linearity of the sum.
(i) By the change of variable n — —n, we obtain, for any v € R,

]_-(;() (eiu) _ Z X[_n]efinu _ Z X[n]efin(fu) — ]:(X) (ei(fu)) — ( Z X[n]*einu> :]:(X*)* (eiu)

n=—oo n—=—oo n—=—0oQ

(iii) To prove this property, we need to go back to sampling. Let an analog signal x and a sampling period T, producing a
digital signal also denoted x, corresponding to the sampled signal xs. Signal xk results from the sampling of analog signal
x with the sampling period T! = KTy, i.e. the frequency w. = % We associate xx with the sampled signal xs k. Using
Poisson summation formula, we can express the spectra of the sampled signals:

1 400 1 +o0 nw
Xs(w) = T Z X(w—nws) and Xsk(w)= KT, Z X (w - KS)
n=-—00 n=-—0o0
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Using bijection Z x [0, K — 1] = Z (n, k) — nK + k, we can write

) = KTiOKZlX(w—k%‘ ) Z ZX<( k;(us)_nws):; xs(w_k;s>

n=—o0 k=0

For the DTFT of xk, the normalized frequency is v = wKTs, so that

Xic(e) = X, x () < KZ)lxs (”/T—kw> 1 Kix (exp (I.z/ —Kk27r>>

(iv) Forany v € R,

+o0o —+o0
F(x*y) (") = Z (x * y)[n]le”"™ = Z Z x[k]e=*"y[n — k]e~ "=k
n=—00 n=—00 k=—o0
+oo ) +o0 ) ) )
= < Z x[n]e"””) ( Z y[m]e""”’) = F(x) (e") F(y) (e")
(v) Forany v € Rand any k € Z,
] +o00o ) ) +oo ) ) )
]_-(Tk(x)) (ell/) — Z x[n _ k]e—my — e—lku Z X[n]e—mu — e—lkVJ_-(X) (ew)

(vi) The digital derivative can be written x’ = x — 71 (x). Using properties (i) and (v), we find, for any v € R,
F(x') (e") = F(x) (e™) = F(r1(x)) (e™) = (1 — e ™) F(x) (")
(vii) Forany v € R,
) +o00 ] +o00 ) 4 +oo )
Fly) (") = Z y[nle™™ = < Z x[n]e"””) = Z (—in)x[n]e™"

thus by identification, for any n € N, y[n] = —inx[n].
(viii) Let two digital signals x and y with respective DTFTs X and Y. Let Z = X ® Y and z the corresponding digital signal.
We are using the circular convolution here because DTFTs X and Y are both periodic with period 27. Then for any n € Z,

z[n] = %/ (X ® Y)(e")e"dv = L <217r/ X(ei“)Y(ei(””))du) eVdv

- 2

By the change of variable (v, v) — (u, v — u) and by Fubini's theorem:

1 U ™ i . i . 1 U ) i ™ . X
z[n] _ 4771-2/ X(e:u)e:unY(el(ufu))el(l/fu)ndudy _ yoes (/ X(e’”)e’””du) </ Y(e”’)e’””du)

= x[nly[n]

Finally, F(xy) = F(z) = F(x) ® F(y).
(ix) Let a € R. Then, forany v € R,

+oo +oo
]_—(emax) (eiu) — Z max[n]e inv _ Z X[n]e—in(u—a) _ ]:(X) (e—i(u—a)) -
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Theorem 1.2 (Plancherel’s identity)
Let a digital square summable signal x and its DTFT X = F(x). Then

= 2 1 " ivy|(2
> Wl = 5o [ IX(e)Pav

n=—o00 -7

PROOF : We recognize on the left side the energy of signal x:
+oo
> Xl = E(x) = 3[0] = (x * 2)[0]
n=—o00
with X : n+— x*[—n]. We sety = (x xX) and Y = F(y) its DTFT, so that
Vnez [n]—i/ﬁ Y(e¥)e" dy  and  E(x)= [O]—i/w Y(e)d
y = o e e 14 X)=Yy = o e v

—T —T

Applying property (ii) of Proposition 1.1, we can write F(X) = F(x)*. Thus we have

Y(e) = Flx £ R)(e) = FO)()F(R)(") = X(e)X" () = [X (")

which yields
a 1 g 1 g
2 _ _ iv _ = ivy|2
n:i [x[n]] = y[0] = . /_7r Y(e'")dv o /_7T [X(e"™)|*dv n

2 Discrete Fourier transform

Now we introduce the Fourier transform for digital periodic signals, i.e. the digital version of Fourier series. First, we define
this new transform based on the Fourier transform of the corresponding sampled signal, then we exhibit an orthonormal
basis for digital periodic signals confirming the first approach.

2.1 First approach - definition

+o00
Let a digital periodic signal x € Fy(Z, C) with period N. Let x;(t) = Z x[n]é(t — nTs) the sampled signal associated

n=—o0
with x. From the periodicity of x, this signal xs; can be written:
N—1 +oo N—1 +o0 N—1
x(£) =D > x[k+ N (t = (k+(N)T) = > x[k] D 6(t—(NTe = kTo) = x[n]7ar, (pnr )(t)
k=0 {=—00 k=0 l=—00 n=0
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Using the linearity of the analog Fourier transform and Poisson summation formula, we can write the spectrum x; for any
weR:

N—-1 N-1

Xs(w) = Z x[n]F (ma1,(PnT,)) (W) = Z x[n]e™™" " F (pnr,) (w)
n=0 n=
= ’ " N—1 '
= 2N x[n]e~iwnTs Z ) (w— 75) = Z ) (w— —) Zx[n]e*’”"Ts
n=0 k=—o0 n=0
+00 N—1 +o0 N—1
_ Ws Ws —ik@snT, _ Ws o Ys —iZF kn
—Nk;mé(w—k/v)nzzox[n]e = Nk;OOé(w kN)nZ:OX[n]e
+o0
=2 k;OCX[k]a (w- kﬁ)
N—1
with X[k] = >~ x[n]e= "k,
n=0

Remarks:

» We deduce from this computation that the Fourier transform of the sampled signal, thus the DTFT of the corresponding
signal, is a sum of Dirac delta functions. This is consistent with the fact that the Fourier transform of an analog periodic
signal is a sum of Dirac delta functions.

» We discarded the factor % in the definition of X[k]. We give the reason for this removal with the second approach.
» Since x is periodic with period N, we only keep samples x[0], ..., x[N — 1] in the expression of X[k].

Definition 2.1 (Discrete Fourier Transform)
The Discrete Fourier Transform (DFT) is an application from F(Z/NZ, C) to F(Z, C) which maps a time-limited digital
signal x of length N to the digital signal X defined by:

N—-1
VkeZ X[kl= x[nle
n=0

Proposition 2.1
The DFT X of a digital periodic signal with period N is also a digital periodic signal with period N: for any k € Z,
X[k + N] = X[K].

PROOF : Forany k € Z,
N—1 N—1 N-1

X[k + N] = Z x[n]e ™ kng=i% N — Z x[n]e =Tk (e=727)" = Z x[n]e” %k = X[K] =

n=0 n=0 n=0

2.2 Second approach - inverse DFT

Now we discuss our second approach of the DFT by introducing an orthonormal basis for digital periodic signals.
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Proposition 2.2
For any j € [0, N — 1], we define the following digital periodic signal e; € Fn(Z, R):

1 ifn=4 modN

VneZ eiln] =
J[] { 0 otherwise

The set (€))jc[o,n—1] is a basis of vector space Fn(Z, C) whose dimension is then N.

N—1
PROOF : ltis clear from the definition of signals e; that any signal x € Fn(Z, C) can be written x = Z x|j]ej, so that
j=1

(ej)jé[[O,N—l]] is a generating set of fN(Z, C) Let ()\0, . )\/\/,1) € CN such that o€ + ... An_1en—_1 = 0, i.e. for any
n € 7Z, Aoeo[n] + ... An—1en—1[n] = 0. Taking n = j forall j € [0, N — 1], we get \; = 0, thus \g = --- = Ay_1 = 0.
Thereby, (&;)jc[o,n—1] is linearly independent thus it is a basis of Fn(Z, C). [

Proposition 2.3 (Inverse Discrete Fourier Transform)

The set of exponentials (e"ZW""”) KCTON-1] is an orthonormal basis of Fn(Z, C), so that the digital signal x € Fn(Z, C)

efo,N—1
with DFT X can be written:
N—1 =
i 27 kn i2T kn i2Z kn
VneZ x[n] =) (x Tk yelwhn = NZX[k]e Wk
k=0 k=0
PROOF : Forany k € [0, N — 1],
N—1 N-1
i kn |2 — i2Tkn Li%F kn — l i kn Li2T kn — l 1= N -1
||e ||N <e ’e >N N € e N N N
n=0 n=0
For any (k, £) € [0, N — 1]° such that k # ¢,
N-1 - N-1 2w (k—1£)
i2mkn _izmeny 1 P2 kn iZmgy _ 1 i2m—py _ L 1—e _
N N - — N - N = " =
(e , e N Nn:Oe e'n Nn:Oe N1 o500 0

which proves that this set of exponentials is an orthonormal set thus a linearly independent set of Fy(Z, C). This set
contains exactly N elements and vector space JFy(Z, C) is of dimension N thus this set of exponentials is an orthonormal
basis of Fn(Z, C). Therefore, any digital periodic signal x with period N can be written:

N—1
YneZ  x[n]= Z(x ei%k">,ve"%k”
k=0
with

N—-1

> xqnje Tk = %X[k] =

(x, e hmyy = L fo[n]ﬁ— 1
' "o N n=0 - N n=0

Proposition 2.4 (Plancherel’s identity)
For any signal x € Fy(Z, C) with DFT X,

N—-1 1 N—-1
S Il = 5 S IXIKP
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PROOF : As for Parseval’s identity for Fourier series, this identity is an adaptation of Pythagorean theorem. Using the
orthonormal basis of complex exponentials from the previous preposition, we can write:

N—

N—1 N—1
Il = & 3 el = (e = <Z XK S ,1V><me"2~”"> = 2 2 IXIKIP
n=0 =0 k=0
yielding the result. [ ]
Since x and X are both periodic with period N/ we can restrict both signals to samples x[n] for n € [0, N — 1] and X[k] for
k € [0, N — 1]. Thus we can consider signals x and X as vectors of CV and the DFT as an mapping from F(Z/NZ, C) to
F(Z/NZ,C), This is how signal processing softwares deal with signals. Setting w = e~ we can rewrite the definition of
DFT matricially:

X[0] 1 1 1 1 x[0] x[0]

X[1] 1 w w? oWl x[1] x[1]

X[2] = 1 w? w* o wANED) x[2] = Aw) x[2]
X[/v} 1] 1 wN-1 @2(N-1) SN x[/v'f 1] x[/v; 1]

We can show by a computation that:

1 1 1 1 1 1 1
w w? wh-1 1 wl w2 o w1
AwAwH=| 1 «? wh .o WAV 1 w2 w4 e wTENED Ly
1 wN-1 -1 w(Nfl)z 1 w—WN-1)  ,—2(N-1) wf(Nfl)z

1
which implies that the inverse of matrix A(w) is A(w)™! = NA(w’l). Thus

x[0] X[0]

x[1] . X[1]

x[:2] = NA(W_I) X:[2]
x[N.— 1] X[N.— 1]

which allows us to retrieve the inverse DFT.

2.3 Properties and example

Proposition 2.5
We consider digital signals of finite length N. The discrete Fourier transform satisfies the following properties:

(i) linearity: for any two signals x and y and two scalars « and 3, F(ax + By) = aF(x) + BF(y);
(ii) symmetry: for any signal x, if we denote X : n — x[N — n], then F(X) = .ﬁ;(/) = F(x*)*;

(iii) circular convolution: for any two signals x and y, F(x ® y) = F(x)F(y);

(iv) time shift: for any a € [0, N — 1] and any signal x, F(7a(x))[k] = e~k F(x)[];
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(v) multiplication: for any two signals x and y, F(xy) = F(x) ® F(y);

(vi) frequency shift forany a € [0, N — 1], F (Xe"ZWW"’"X) = 75(F(x))

PROOF : (i) We prove the linearity as for the other Fourier transforms.
(i) We prove this property as for the DTFT using the change of variable n — N — ninstead of n — —n.
(iii) For any k € [0, N — 1],

F(x®y)lk] = Z Zx[m]e k0 — mle Wk = (i x[n]e‘i%@rk"> <Z_: y[m]e"'zr\ff"’">
m=0

n=0 m=0 n=0
= F()IKIF(y)[]
(iv) Forany a € [0, N — 1] and for any k € [0, N — 1],

N—-1 N—-1

Flra(x))kl = > xln — ale™ Fkn = e71Fka N x[ne ™5k = o=/ ka F(x)[K]

n=0 n=0

(v) Let two signals x and y with respective DFTs X and Y. Let Z = X ® Y and z the corresponding signal. Then for any
nefo,N—1],

1 N—1 wk N— 1 N—1 .
z[n] = NZ(X@Y)[k]e ":NZ (N X[Z]Y[ké]) el
k=0 k=0 £=0
1 N—1N-1 . 27( N—1 7(
= X[ Ty [k — (] k=0n =5 <Z X[k]e' k") <Z Y[(e' ‘")
k=0 ¢=0 /=0
= x[nly[n]
Finally, F(xy) = F(z) = F(x) ® F(y).
(vi) Forany k € [0, N — 1],
N—1 S N—-1 s S
Ta(FO)) K] = F(x)[k —a] = > x[n]e™"# <= =" x[n]e’ Tane=iFkn — F(xe' % oM)[K] "
n=0 n=0

2.4 Fast Fourier transform

Consider a time-limited signal x = (x[0], x[1], ..., x[N — 1]) of length Nl. We recall that the DFT X of x is also of length N/
and is defined by:

N—1
Vk € [[0, N — 1]] X[k] = Z X[n]e*’ - kn
n=0

We express the complexity of computing this DFT in terms of the number of required multiplications of complex numbers.
We assume that we have already access to the complex exponentials e "Wk In this case, each term of the sum requires
one multiplication, thus the computation of one sample X[k] requires N multiplications. Since there are N samples X[k] to
evaluate, the evaluation of the DFT X of length N requires N> multiplications.

A Fast Fourier Transform (FFT) algorithm uses recurrences in the definition of X to decrease the complexity of its evaluation.
In this lecture, we present the Cooley-Tukey algorithm which expresses the DFT of a signal of length 2/ as a function of the
DFTs of two signals of length . Thereby, consider a digital time-limited signal x = (x[0], x[1], ..., x[2N — 1]) of length 2N,
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and whose DFT X is also of length 2/V. We define the two following signals of length N: signal X = (x[0], x[2], ..., x[2N —2])
of even-index samples of x and signal % = (x[1], x[3], ..., x[2N — 1]) of odd-index samples of x. We denote X et X their
respective DFTs. For any k € [0, N — 1],

2N—1 N—1 N—1 N—1 N-1
P27 ;27 P21 P27 P27 P21 P27
X[k] = g x[n]e= 2wk = E x[2n]e PRk 4 E x[2n 4 1]e" W hne=izwk — E K[n]e= Wk 4 =ik g X[n]e W kn
n=0 n=0 n=0 n=0 n=0

= X[K] + e "k X[K]

This formula provides the N first values of the DFT X which is of lengh 2N. Since DFTs )A([k] and )~<[k] are periodic with
period N, we can find the remaining values of X by writing, for any k € [0, N — 1],

X[k + N] = X[k + N] + e "FEM X[k + N] = X[k] + e ke ™ X[k] = X[k] — e "5F¥X[]
Therefore, we have, for any k € [0, N — 1],

X[K] = X[K] + e "®kX[k] and X[k + N] = X[K] — e""HkX[k]

If x = (x[0]) is of length 1, then X = (X[0]) is also of length 1 and by the definition of the DFT, X[0] = x[0]. Therefore, we
can write the following recursive algorithm to compute the DFT of a signal x whose length N = 2" is a power of 2.

Algorithm 1 Cooley-Tukey algorithm

1: procedure FFT(x)

2 Input digital time-limited signal x = (x[0], x[1], ..., x[N — 1]) of length N > Assume that N = 2" is a power of 2
3 if N =1 then

4 X = (X][0]) is of length 1 and X[0] < x[0]

5: else

6: Set & + (x[0], x[2], ..., x[N — 2])

7 Set X «+ (x[1], x[3], ..., x[N —1])

. N

9

Compute X < FFT (%)
Compute X + FFT (X)

10: fork € [0, % — 1] do

11: X[K] < X[K] + e "%k X[K]

12: X[k + N/2] = X[k] — e~ "« X[K]
13: end for

14: end if

15:  Return DFT X = (X[0], X[1]. ..., X[N — 1])
16: end procedure

N
We can show that this algorithm requires the computation of > log, () multiplications instead of N2 for the direct evaluation.
Remark: This algorithm can be generalized to a signal of composite length N = N; 5. In this case, the algorithm computes
N; DFTs of sub-signals of lengths N.

10
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